Abstract--We extend the nonlinear Hodge decomposition of Iwaniec et al.
INTRODUCTION
We give some slight new extensions of the Hodge decomposition due to Iwaniec [2] (see, also [3-5]) by proving essentially that for v E Wl'n-en(~),~ C R n the vector field Dv(iDv] + e)-~n can be written as D~e + K~ with ~be E W l'r~ (~), re > n and K~ is a free divergence vector and is 1-en C~2--¢n. small, i.e., [[Ke[[r~ ~< c¢] [Dv][~_e,~ + In [1] , the functions do vanish on the boundary and they decompose the vector field, DvlDv[ -en. The main motivations of such decomposition is the study of equivalence problems for nonlinear boundary value problems with measured data. Many authors studied the existence and uniqueness of the solutions of such problems and different formulations have been introduced (see [1, 3, [6] [7] [8] [9] [10] [11] ). In particular, in [1] , the authors consider the homogeneous Dirichlet problem for the equation
where ~ is an open bounded subset of ]R n, ~ : ~ x R x R n --* R n is a Carath~odory function with usual upper growth and such that ~(x, rl, ~)~ ~> a]~l n for a.e., x c ~t, for all (~, ~) E N x N n and b(u) c L 1 (gt). They prove that it is equivalent to find solutions in one of the three spaces Actually, we will prove the results in the case of the Neumann problem. Moreover, in the case # E L 1 (~), besides weak, solutions we also consider renormalized solutions in the sense of Di Perna-Lions (see [8, 11, 12] ) and entropy solutions introduced in [6] . By similar arguments, we have that all these different formulations are equivalent.
SOME REFINEMENTS OF THE HODGE DECOMPOSITION
The following theorem holds. 
has a unique solution ~e e W01'r¢(12) (see [13, 14] ). Moreover, the following estimate holds
1-en
[]D~eHr~ <~ c(n)llFeH~, < c(n)nDvHn_e,r Then, using techniques similar to those used in [1] , we obtain
If we put Ke = Dv(lDvl + ¢)-en _ Dq2e, to complete the proof we have only to prove (2.1). To this aim, let us consider the classical Hodge decomposition (see [2, 5] tent ($ +t)e n ~ n¢2_en ' in order to get an estimate for 115Fellr~. | Theorem 2.1 can be extended to the case of functions that do not vanish on the boundary of ft. Using the extension theorem (see [15] ) and cut-off functions it is possible to prove the following. 
THEOREM 2.2. Let f~ be an open bounded subset of ~ n, with smooth boundary 0~, for example, C ~ and let ~ E]O, 1/n[. For all v E Wl'n-~(~) there exist -~ E Wl'~(f~) and -Ke E L~(~), where r~ = (n -
where ~ denotes the outer normal to 0f~ and the data satisfy If # e Ll(f~) and v • Ll(0ft), besides solutions of problems (Pi), i = 1, 2, 3 in the sense of (3.1), we will consider renormalized solutions in the sense of [12] and entropy solutions in the sense of [6] . That is, we will take the following formulations: 
£ "d(x,u, Du)D(T(u)~)+ £ F(x,u, Du)T(u)~+ ~o~ C(x,u)T(u)
£ ~d(x,u, Du)DTk(u-~)+ f~, F(x,u, Du)Tk(u-(z)+ (PE) V~ • wl'n(~)N L°°(ft), F(., u, Du) • Ll(ft), C(., u) • L'(cg~) u • ~ w]'n-en(f~), Tk(u) • WLn(ft),
MAIN RESULTS FOR QUASILINEAR EQUATIONS
All the formulations given in the previous section are equivalent (see also [1, 8, 16] ). More precisely we have the following. We remark that Theorems 4.1 and 4.2 still hold if we replace the Neumann boundary condition with the homogeneous Dirichlet condition and V, W, Ll'"(f~)A Ll-1/n(l-t) with V0, W0, L~'n(Q), respectively. The proofs of the theorems presented above and some more results like uniqueness will be given in a detailed paper [17] .
